ABSTRACT. We introduce two classes of null hypersurfaces of an indefinite Sasakian manifold, (M , φ, ζ, η), tangent to the characteristic vector field ζ, called; contact screen conformal and contact screen umbilic null hypersurfaces. These hypersurfaces come in to fill the existing gap in screen conformal and screen totally umbilic null hypersurfaces. We prove that such hypersurfaces are contained in indefinite Sasakian space forms of constant φ-sectional curvature of −3.
INTRODUCTION
The theory of non-degenerate submanifolds [2, 3, 12] of Riemannian or semiRiemannian manifolds is one of the most important topics of differential geometry. But the theory of null submanifolds of semi-Riemannian manifolds is relatively new and in a developing stage, with a lot of applications to mathematical physics (general relativity and electromagnetism). The geometry of null submanifolds becomes more difficult and is completely different from that of non-degenerate submanifolds. Such difficulty stems from a non-trivial intersection of the normal bundle of a null submanifold and its tangent bundle. In 1996, Duggal and Bejancu published their work [5] on null submanifolds of semi-Riemannian manifolds and indefinite Kaehler manifolds. This was later, in 2009, updated to [6] by Duggal and Sahin, to include the geometry of indefinite almost contact manifolds. In particular, the geometry of null submanifolds of indefinite Sasakian manifolds is in Chapter 7.
Recently several authors have studied the geometry of null submanifolds of indefinite Sasakian manifolds [7, 8, 9, 10, 11] . In particular, [8] proves that there exist no null hypersurfaces of an indefinite Sasakian space form of constant φ-sectional curvature different from 1 (see Theorem 3.3 and Corollary 1). On the other hand, [9, 10, 11] considers totally umbilic, screen totally umbilic, η-totally umbilic, screen conformal and invariant null hypersurfaces in indefinite Sasakian manifolds. In this paper, we prove that all the above null hypersurfaces are nonexistent in indefinite Sasakian manifolds, (see Theorem 3.4), if they are assumed to be tangent to the structure vector field, and that there exist other null hypersurfaces in indefinite Sasakian space forms of constant φ-sectional curvature different from 1 (see Theorems 4.3 and 4.8).
The rest of the paper is arranged as follows; in Section 2 we quote the basic notions required in the rest of the paper. In Section 3, we prove a non-existence result of null hypersurfaces, tangent to the structure vector field. Finally, in Section 4, we introduce two classes of null hypersurfaces in indefinite Sasakian manifolds.
PRELIMINARIES
A (2n + 1)-dimensional differentiable manifold M is said to have an almost contact structure (φ, ζ, η) if it admits a vector field ζ, a 1-form η and a field φ of endomorphism of the tangent vector space satisfying
It follows that φζ = 0, η • φ = 0 and rank(φ) = 2n. Then, the manifold M , with a (φ, ζ, η)-structure is called an almost contact manifold [2] . From the point of view of differential geometry it is desirable to define a metric on a paracompact manifold M . We say that a semi-Riemannian metric g is an associated metric of an almost contact structure (φ, ζ, η) of M if
Here, and in the rest of this paper, Γ(Ξ) denotes the smooth sections of a vector bundle Ξ. Then, (M , g), with g satisfying (2.2), is called an almost contact metric manifold with a (φ, ζ, η)-structure and g is called its compatible (or associated) metric, whose fundamental 2-form Ω is defined by
, Ω is closed), then, (M , φ, ζ, η) is called a contact metric manifold [3] . These metrics can be constructed by the polarization of Ω = dη evaluated on a local orthonormal basis of the tangent space with respect to an arbitrary metric, on the contact subbundle D, such that T M = D ⊥ Rζ. Here, and in the rest of this paper, Rζ denotes the line bundle spanned by ζ. Thus, a contact metric manifold is an analogue of an almost Kaehler manifold, in odd dimensions. The almost contact structure (φ, ζ, η) on M is said to be normal if φ is integrable. It is known (see Blair [3] for details) that M has a normal contact structure if N φ + 2dη ⊗ ζ = 0, where
Nijenhuis tensor field of φ. A normal contact metric manifold is called a Sasakian manifold. It is well-known [3] that an almost contact metric manifold (M , g) is Sasakian if and only if
where ∇ is the metric connection on M . Replacing Y by ζ in (2.3), and using (2.1), we get
A plane section π in T x M of a Sasakian manifold M is called a φ-section if it is spanned by a unit vector X orthogonal to ζ and φX, where X is a non-null vector field on M . The sectional curvature K(X, φX) of a φ-section is called a φ-sectional curvature. If M has a φ-sectional curvature c which does not depend on the φ-section at each point, then, c is constant in M and M is called a Sasakian space form, denoted by M (c). Moreover, the curvature tensor R of M satisfies (see [3] )
) be a (2n + 1)-dimensional semi-Riemannian manifold with index q, where 0 < q < 2n+1, and let (M, g) be a hypersurface of M . Let g be the induced tensor field by g on M . Then, M is called a null hypersurface of M if g is of constant rank 2n − 1 and the normal bundle T M ⊥ is a distribution of rank 1 on M [5] . Here, the fibers the vector bundle T M ⊥ are defined as
) be a null hypersurface of (M , g) . Then, there exists a unique vector bundle tr(T M ), called the null transversal bundle [5] of M with respect to S(T M ), of rank 1 over M such that for any nonzero section E of T M ⊥ on a coordinate neighborhood U ⊂ M , there exists a unique section N of tr(T M ) on U satisfying
Consequently, we have the following decomposition of T M .
Let ∇ and ∇ * denote the induced connections on M and S(T M ), respectively, and P be the projection of T M onto S(T M ), then the local Gauss-Weingarten equations of M and S(T M ) are the following [5] .
9) for all X ∈ Γ(T M ). From relations (2.13), we notice that A * ξ and A N are both screen-valued operators.
Let ϑ = g(N, ·) be a 1-form metrically equivalent to N defined on M . Take θ = i * ϑ to be its restriction on M , where i : M → M is the inclusion map. Then it is easy to show that
14)
for all X, Y, Z ∈ Γ(T M ). Consequently, ∇ is generally not a metric connection with respect to g. However, the induced connection ∇ * on S(T M ) is a metric connection. Denote by R and R the curvature tensors of the connection ∇ on M and the induced linear connections ∇, respectively. Using the Gauss-Weingarten formulae, we obtain the following Gauss-Codazzi equations for M and S(T M ) (see details in [5, 6] ).
, where ∇B and ∇C are defined as follows;
and
for all X, Y ∈ Γ(T M ). We say that M is screen homothetic if ψ is a constant function on M . The null hypersurface M is said to be totally umbilic [5] if
where ρ is a smooth function on a coordinate neighborhood U ⊂ T M . In case ρ = 0, we say that M is totally geodesic. In the same line, M is called screen totally umbilic if
where ̺ is a smooth function on a coordinate neighborhood U ⊂ T M . When ̺ = 0, we say that M is screen totally geodesic.
A NONEXISTANCE RESULT
Let (M, g) be a null hypersurface of an indefinite Sasakian manifold (M , φ, ζ, η), which is tangent to the structure vector field ζ. That is; ζ ∈ Γ(T M ). In such a case, ζ belongs to S(T M ) [4] . As seen in the previous section, let ξ and N the metric normal and the transversal sections, respectively. Since (φ, ζ, η)) is an almost contact structure and φξ is a null vector field, it follows that φN is null too. Moreover, g(φξ, ξ) = 0 and, thus, φξ is tangent to T M . Let us consider S(T M ) containing φT M ⊥ as a vector subbundle. Consequently, N is orthogonal to φξ and we have g(φN, ξ) = −g(N, φξ) = 0 and g(φN, N ) = 0. This means that φN is tangent to T M and in particular, it belongs to S(T M ). Thus, φtr(T M ) is also a vector subbundle of S(T M ). In view of (2.2), we have g(φξ, φN ) = 1.
It is then easy to see that φT M ⊥ ⊕ φtr(T M ) is a non-degenerate vector subbbundle of S(T M ), with 2-dimensional fibers. Since ζ is tangent to M , and that g(φE, ζ) = g(φN, ζ) = 0, then there exists a non-degenerate distribution D 0 on T M such that
Here, Rζ denotes the line bundle spanned by ζ. It is easy to check that D 0 is an almost complex distribution with respect to φ, i.e.,
Here, D is an almost complex distribution and D ′ is carried by φ just into the transversal bundle. Let us set
Then, from (3.2), any X ∈ Γ(T M ) is written as X = RX + QX + η(X)ζ and QX = u(X)U , where R and Q are the projection morphisms of T M onto D and D ′ , respectively, and u is a differential 1-form defined on M by
Applying φ to X and using (2.1), we get
where φ is a (1,1) tensor field defined on M by φX = φRX. Furthemore, we have
It is easy to show that
where v is a 1-form locally defined on M by
Note that
for all X, Y ∈ Γ(T M ).
Lemma 3.1. On a null hypersurface (M, g) of an indefinite Sasakian manifold (M (c), φ, ζ, η), tangent to ζ, the following important relations holds.
Proof. A proof uses straightforward calculations, while considering (2.3), (2.4) and (2.7)-(2.10).
We also have the following lemma.
Lemma 3.2. The vector fields U and V in (3.3) satisfies the relations
15)
Proof. Letting Y = U in (3.14) and using the fact φU = 0, we get
for all X ∈ Γ(T M ). Applying φ to (3.17) and using the fact φζ = 0, we have
Then, in view of (3.6) and (3.18), we see that
, in which we have used (2.4) and (3.3). On the other hand, u(
, in which we have used (2.2), (3.3) and (2.8). Thus, putting all this in (3.19) proves (3.15) of the lemma. A proof of (3.16) also follows easily from (3.14) by putting Y = V , which completes the proof.
In what follows, we construct a null hypersurface of an indefinite Sasakian manifold, tangent to ζ. To that end, (R 2n+1 q , φ 0 , ζ, η, g) will denote the manifold R 2n+1 q with its usual Sasakian structure given by
where (x i ; y i ; z) are the Cartesian coordinates. The above construction will help in understanding the following example.
) be a semi-Euclidean space, where g is of signature (−, +, +, −, +, +, +) with respect to canonical basis
Suppose M is a submanifold of R 7 2 defined by x 1 = y 3 . It is easy to see that a local frame of T M is given by
, which implies that D 0 = span{Z 2 , Z 3 } is invariant with respect to φ 0 . By a direct calculation we see that tr(T M ) is spanned by
It is easy to see that the vector fields U, V of (3.3) are given by U = −Z 4 and V = −Z 1 . Hence, M is a null hypersurface tangent to ζ.
Next, we prove the following non-existence result. (1) M is not totally umbilc or screen totally umbilic.
Proof. Suppose that M is totally umbilic in M . Then, by (3.11) and (2.20), we have ρg(X, ζ) = −u(X), for any X ∈ Γ(T M ). Setting X = ζ in this relation gives ρg(ζ, ζ) = 0, or simply ρ = 0, since ζ is a spacelike vector field. This means that M is totally geodesic null hypersurface. It then follows from (3.11) that u(X) = 0, for all X ∈ Γ(T M ). This is a contradiction as u(U ) = 1, which proves the first assertion of (1). Next, let M be screen totally umbilic. Then (2.21) and (3.12) implies that ̺g(X, ζ) = −v(X), for any X ∈ Γ(T M ). With X = ζ, we have ̺ = 0 and thus, v(X) = 0. This is a contradiction since v(V ) = 1, which completes part (1).
In case M is η-totally umbilic we see, from (4.20) of [10, p. 351] , that
, we get h(X, ζ) = 0, for any X ∈ Γ(T M ). As h(X, ζ) = B(X, ζ)N , we notice that B(X, ζ) = 0. Thus, (3.11) gives u(X) = 0, for all X ∈ Γ(T M ), which is a contradiction. This proves (2). Next, let M be screen conformal. Then, in view of (2.19) and (3.12), we have ψB(X, ζ) = −v(X). Setting X = V in this relation and using (3.11), we get v(V ) = 0. Clearly, this is a contradiction to the fact v(V ) = 1 and therefore, M is never screen conformal, proving part (3). Now, assume that M is an invariant null hypersurface. Then, by [11, p. 27 ], φX ∈ T M , for any X ∈ Γ(T M ). Note that this is equivalent to φX = φX, for all X ∈ Γ(T M ). Therefore, relations (2.4) and (2.7) gives B(X, ζ) = 0, which, in view of (3.11), gives u(X) = 0. This is a contradiction too. Therefore, M is never invariant, which proves (4).
To prove (5), we note, from (2.9), that the screen distribution S(T M ) is parallel if and only if C(X, P Y ) = 0, for all X, Y ∈ Γ(T M ). Let Y = V in this relation and then compare with (3.13) to get B(X, U ) = C(X, V ) = 0, for any X ∈ Γ(T M ). Hence, letting X = ζ in the last relation and compare with (3.11) gives u(U ) = 0, which is a contradiction. Finally, ∇ is a metric connection if and only if B = 0 by (2.14). That is; M is totally geodesic. But this is not possible by part (1) . This proves (6) and the theorem is proved.
Remark 3.5. In [9] , the authors proves that totally umbilic null hypersurfaces, of indefinite Sasakian space forms (M (c), φ, ζ, η) and tangent to ζ exists. Moreover, they show that c = 1 (also see the book [6, p. 317]). But in view of Theorem 3.4 above, such hypersurfaces don't exist. In [10] , the author study the geometry of null hypersurfaces of indefinite Sasakian manifolds, tangent to ζ. Within this paper, the concept of η-totally umbilic is introduced (see pages 352-352), and "Theorem 4.6" regarding such hypersurfaces is proved. Also, in [11] , screen conformal invariant null hypersurfaces are treated. But we have seen, in Theorem 3.4, that η-totally umbilic null hypersufaces, screen conformal and invariant null hypersurfaces, tangent to ζ, do not exist in indefinite Sasakian space forms. Therefore, in studying all null hypersurfaces of indefinite Sasakian space forms, which are tangent to ζ, equations (3.10)-(3.13) must be treated carefully. Furthermore, the 1-forms u, v in (3.4) and (3.8) can not identically vanish on M as assumed in [11, p. 28] , since their vanishing affects the normalization condition in (3.20).
Remark 3.6. In "Theorem 3.3" and "Corollary 1" of [8, p. 576-577], the author proves that there exist no null hypersurfaces of an indefinite Sasakian space form (M (c), φ, ζ, η) if c = 1. This contradicts the fact that totally contact umbilic null hypersurfaces exists in (M (c), φ, ζ, η), with c = −3 (see [6] and [10] ). Here is the cause; first note that, the curvature tensor R of a null submanifold is not Riemannian since the induced connection, ∇, on a null hypersurface (M, g) is not a metric connection (see the expression for ∇g in (2.14)). This means that R does not enjoy all the symmetries exhibited by Riemannian curvature tensors. In fact, it is easy to show that g(R(X, Y )Z, W ) = −g(R(Y, X)Z, W ), but g(R(X, Y )Z, W ) = −g(R(X, Y )W, Z), for any X, Y, Z, W ∈ Γ(T M ). For any null hypersurface M , the relation R(X, Y )ξ = R(X, Y )ξ, for any X, Y ∈ Γ(T M ) and ξ ∈ Γ(T M ⊥ ), holds (see (3.6) of [5, p. 94] ). Consequently,
It was assumed in [8, p. 576 ] that all signs in (3.21) are equalities, which lead to c = 1, and any further deductions, such as Corollary 1. For the above reasons, the curvature tensor of a null submanifold must be treated carefully.
Theorem 3.4 shows that most well-known null hypersurfaces do not exist in indefinite Sasakian manifolds. In particular B and C can not be linked by a non-zero conformal factor on the entire null hypersurface M . However, such a conformality can be defined partially on M . This is the aim of the next section.
CONTACT SCREEN CONFORMAL NULL HYPERSURFACES
In this section, we introduce two new classes of null hypersurface of indefinite almost contact manifolds (M (c), φ, ζ, η), tangent to ζ, called; contact screen conformal and contact screen umbilic. This is motivated by Theorem 3.4. In particular, the absence of the classical screen conformal and umbilic null hypersurfaces. As this fails mainly in portions of T M containing ζ, we restrict to a region on T M without ζ, and relate B and C via a non-zero conformal factor for the contact screen conformal null hypersurfaces as shown below. From the decomposition (3.2), we have T M = D ⊕ D ′ ⊥ Rζ. LetP be the projection morphism of T M onto D ⊕ D ′ . Then, any X ∈ Γ(T M ) is represented as X =P X + η(X)ζ. Then, as B(ζ, ζ) = 0 by (3.11), we have
for any X, Y ∈ Γ(T M ). Next, since φζ = 0, we see, from (2.9), that C(ζ, ζ) = 0. Hence, using (3.12), we derive
where ω is a 1-form on M defined as
In view of (2.9), (3.10), (3.11), (3.13) and (4. Next, we define contact screen conformal null hypersurfaces.
Definition 4.1. Let (M, g) be a null hypersurface of an indefinite Sasakian manifold (M , φ, ζ, η), tangent to the structure vector field ζ. Then, M will be called contact screen conformal null hypersurface if there exists a non-zero smooth function ϕ on a neighborhood U ⊂ M such that
Equivalently, using (4.1) and (4.2), M is contact screen conformal if
for all X, Y ∈ Γ(T M ). We say that M is contact screen homothetic if ϕ is a conatant function.
As an example, we have the following. 
) is a contact screen conformal null hypersurface with ϕ an arbitrary function.
Next, let (M, g) be a null hypersurface of an indefinite Sasakian space-form. Then, using (2.5), (2.15), (2.16), (3.4) and (3.8), we have, for any X, Y, Z ∈ Γ(T M ),
and also
In what follows, we prove the following result. Proof. From (4.6), (2.10), (2.14), (3.10) and (3.11), we derive
Interchanging X and Y in (4.9) and subtracting the two relations gives
In view of Lemma 3.2 and (3.9), we simplify (4.10) to
Then, putting (4.7), (4.8), (4.11) and (4.6), we get 12) for any X, Y, Z ∈ Γ(T M ). Next, setting X = ξ in (4.12), we get ) is a contact screen conformal null hypersurface with ϕ arbitrary, and R 7 2 is a space of constant φ-sectional curvature −3.
Remark 4.6. Geometrically, the proportionality of B to the metric tensor g on D ⊕ D ′ is equivalent to (M, g) being totally contact umbilic in M . In fact, let B = λ⊗ g on D ⊕ D ′ , where λ is a smooth function on U ⊂ M . Then, by (4.1), we have
Thus, using X =P X + η(X)ξ to this relation, we get
Clearly, (4.19) is the defining condition for (M, g) to be totally contact umbilic [6] null hypersurface. It has already been established that for such a null hypersurface in an indefinite Sasakian space form (M (c), φ, ζ, η), then c = −3 (see [10] for details). On the other hand, we know that C is generally not symmetric on
. Thus, C is symmetric if and only if S(T M ) is an integrable distribution on M . For this reason, if the screen local second fundamental form C is proportional to g on D ⊕ D ′ , we get it symmetric on D ⊕ D ′ but not on S(T M ), and therefore, we do not recover the equation for a totally contact screen umbilic null hypersurface (see [10] ) for which it is assumed to be symmetric on S(T M ).
for any X, Y ∈ Γ(T M ). It follows from (4.20) and (3.12) that; if C is symmetric on
and thus the relation of totally contact screen umbilic is recovered. In such a case, it has been proved that c = −3 and, in fact, (M, g) is totally contact screen geodesic, i.e., γ = 0 (see [10] ). Therefore, in general, the proportionality of C to g on D ⊕ D ′ does not imply totally contact screen umbilic considered in [10] . Based on the above, we have the following general definition of a contact screen umbilic null hypersurfaces.
Definition 4.7. Let (M, g) be a null hypersurface of an indefinite Sasakian manifold (M , φ, ζ, η), tangent to the structure vector field ζ. Then, M will be called contact screen umbilic null hypersurface if there exists a non-zero smooth function γ on a neighborhood U ⊂ M such that
Equivalently, using (4.2) and (4.3), M is contact screen umbilic if
Accordingly, we have the following result. Example 4.10. The null hypersurface of Example 4 is contact screen geodesic, i.e., γ = 0, and R 7 2 is a space of constant φ-sectional curvature −3.
